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Topology

one holeno holes
Invariant under smooth differentiable deformations 

(diffeomorphisms) 



Euler’s formula for convex polyhedra

vertices faces edges

[Euler (1758)]V + F � E = 2
<latexit sha1_base64="9+yeQYUsFoyooyhkHrJyXjVN11I=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEMtuFfQiFEXxWMF+QLuUbJptQ7PZkGSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeYHkTBvX/XZyS8srq2v59cLG5tb2TnF3r6HjRBFaJzGPVSvAmnImaN0ww2lLKoqjgNNmMLyZ+M0nqjSLxaMZSepHuC9YyAg2Vmo2Tu5Ob68q3WLJLbtToEXiZaQEGWrd4lenF5MkosIQjrVue640foqVYYTTcaGTaCoxGeI+bVsqcES1n07PHaMjq/RQGCtbwqCp+nsixZHWoyiwnRE2Az3vTcT/vHZiwks/ZUImhgoyWxQmHJkYTX5HPaYoMXxkCSaK2VsRGWCFibEJFWwI3vzLi6RRKXtn5crDeal6ncWRhwM4hGPw4AKqcA81qAOBITzDK7w50nlx3p2PWWvOyWb24Q+czx+XK45s</latexit>

8 vertices
6 faces

- 12 edges

2



Euler’s formula v2

vertices faces edges Euler 
characteristic

� = 0
<latexit sha1_base64="7kaxexZcpLIhkdxIZm7yZnhleYY=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4bcnJN3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibNasU7r1TvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDojmPCw==</latexit>

� = 2
<latexit sha1_base64="Ib3SeuvWI3KByHANC/sYnMQBLHk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWanfZUJBrUu2Vym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342u3dCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUdGG4C2+vEya1Yp3XqneX5RrN3kcBTiGEzgDDy6hBndQhwYwkPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHpUGPDQ==</latexit>

V + F � E = �
<latexit sha1_base64="ZMj407ytbZI/aASPLa3h4HtZzAg=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBZBEEtSBb0IRVE8VrAf0ISy2W7apZtN2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeUHCmdKO820VlpZXVteK66WNza3tHXt3r6niVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHgz8VtPVCoWi0c9Sqgf4b5gISNYG8lrntyd3qIr5JEB69plp+JMgRaJm5My5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5vePEZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eZ1Uh5d+xkSSairIbFGYcqRjNAkA9ZikRPORIZhIZm5FZIAlJtrEVDIhuPMvL5JmteKeVaoP5+XadR5HEQ7gEI7BhQuowT3UoQEEEniGV3izUuvFerc+Zq0FK5/Zhz+wPn8AzieQPA==</latexit>

� = 2(# of disconnected parts)� (# of holes)
<latexit sha1_base64="Y0URBpQZSue/FmThSF1Lel/Ta+Q=">AAACK3icbVDLSgMxFM34rPVVdekmWIS6sMxUQTdCqRuXFewDOqVk0jttaCYZkoxQhv6PG3/FhS584Nb/MH0sbOuBwOGcc7m5J4g508Z1P52V1bX1jc3MVnZ7Z3dvP3dwWNcyURRqVHKpmgHRwJmAmmGGQzNWQKKAQyMY3I79xiMozaR4MMMY2hHpCRYySoyVOrmKT/sM3+ASLvh5H/sqSmXo4y7TVAoB1EDXxzFRRo/O8Pl8qC85WLmTy7tFdwK8TLwZyaMZqp3cq9+VNIlAGMqJ1i3PjU07tUsY5TDK+omGmNAB6UHLUkEi0O10cusIn1qli0Op7BMGT9S/EymJtB5GgU1GxPT1ojcW//NaiQmv2ykTcWJA0OmiMOHYSDwuzlaibB18aAmhitm/YtonitiKlM7aErzFk5dJvVT0Loql+8t8uTKrI4OO0QkqIA9doTK6Q1VUQxQ9oRf0jj6cZ+fN+XK+p9EVZzZzhObg/PwCYoOlYw==</latexit>

� = 4
<latexit sha1_base64="/qipv80UeMBXq75CYjuPkS7/N6g=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgF6EoBePEcwDkiXMTmaTIbOz60yvEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG0UrvLhoJck2qvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5vdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J45U+ESlLkii0WhakkGJPZ86QvNGcox5ZQpoW9lbAh1ZShjahgQ/CWX14lzUrZuyhX7qul2k0WRx5O4BTOwYNLqMEd1KEBDCQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AKhJjw8=</latexit>



Topology and Morphology



Minkowski Functionals (MFs)



Morphological analysis of 2d maps
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Some scalar quantity, 
e.g., temperature, 

density, potential, etc.



Generating excursion sets from a map
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⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

� > ⌫
<latexit sha1_base64="us22DX1tb7yB5GH399M904Yxabs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CRFLx4r2A9sQtlsN+3SzSbsToRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHv36QJBr4qusWyq7FXcGsky8nJQhR71b+vJ7CctirpBJakzHc1MMxlSjYJJPin5meErZkPZ5x1JFY26C8eziCTm1So9EibalkMzU3xNjGhszikPbGVMcmEVvKv7ndTKMroKxUGmGXLH5oiiTBBMyfZ/0hOYM5cgSyrSwtxI2oJoytCEVbQje4svLpFmteOeV6v1FuXaTx1GAYziBM/DgEmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nD3BdkBw=</latexit>

� < ⌫
<latexit sha1_base64="JhON0yX90y7U1WyaaULio3bGC+c=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2lhGMB+YO8LeZi9Zsrd37M4JIeRf2FgoYuu/sfPfuEmu0MQHA4/3ZpiZF6ZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2SacYbLJGJbofUcCkUb6BAydup5jQOJW+Fw9up33ri2ohEPeAo5UFM+0pEglG00qNfHwhyTXyVdUtlt+LOQJaJl5My5Kh3S19+L2FZzBUySY3peG6KwZhqFEzySdHPDE8pG9I+71iqaMxNMJ5dPCGnVumRKNG2FJKZ+ntiTGNjRnFoO2OKA7PoTcX/vE6G0VUwFirNkCs2XxRlkmBCpu+TntCcoRxZQpkW9lbCBlRThjakog3BW3x5mTSrFe+8Ur2/KNdu8jgKcAwncAYeXEIN7qAODWCg4Ble4c0xzovz7nzMW1ecfOYI/sD5/AFtTZAa</latexit>

• Define a threshold value
• white                                   black



Generating excursion sets from a map
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⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

� > ⌫
<latexit sha1_base64="us22DX1tb7yB5GH399M904Yxabs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CRFLx4r2A9sQtlsN+3SzSbsToRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHv36QJBr4qusWyq7FXcGsky8nJQhR71b+vJ7CctirpBJakzHc1MMxlSjYJJPin5meErZkPZ5x1JFY26C8eziCTm1So9EibalkMzU3xNjGhszikPbGVMcmEVvKv7ndTKMroKxUGmGXLH5oiiTBBMyfZ/0hOYM5cgSyrSwtxI2oJoytCEVbQje4svLpFmteOeV6v1FuXaTx1GAYziBM/DgEmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nD3BdkBw=</latexit>

� < ⌫
<latexit sha1_base64="JhON0yX90y7U1WyaaULio3bGC+c=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2lhGMB+YO8LeZi9Zsrd37M4JIeRf2FgoYuu/sfPfuEmu0MQHA4/3ZpiZF6ZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2SacYbLJGJbofUcCkUb6BAydup5jQOJW+Fw9up33ri2ohEPeAo5UFM+0pEglG00qNfHwhyTXyVdUtlt+LOQJaJl5My5Kh3S19+L2FZzBUySY3peG6KwZhqFEzySdHPDE8pG9I+71iqaMxNMJ5dPCGnVumRKNG2FJKZ+ntiTGNjRnFoO2OKA7PoTcX/vE6G0VUwFirNkCs2XxRlkmBCpu+TntCcoRxZQpkW9lbCBlRThjakog3BW3x5mTSrFe+8Ur2/KNdu8jgKcAwncAYeXEIN7qAODWCg4Ble4c0xzovz7nzMW1ecfOYI/sD5/AFtTZAa</latexit>

• Define a threshold value
• white                                   black



Generating excursion sets from a map
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⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

� > ⌫
<latexit sha1_base64="us22DX1tb7yB5GH399M904Yxabs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CRFLx4r2A9sQtlsN+3SzSbsToRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHv36QJBr4qusWyq7FXcGsky8nJQhR71b+vJ7CctirpBJakzHc1MMxlSjYJJPin5meErZkPZ5x1JFY26C8eziCTm1So9EibalkMzU3xNjGhszikPbGVMcmEVvKv7ndTKMroKxUGmGXLH5oiiTBBMyfZ/0hOYM5cgSyrSwtxI2oJoytCEVbQje4svLpFmteOeV6v1FuXaTx1GAYziBM/DgEmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nD3BdkBw=</latexit>

� < ⌫
<latexit sha1_base64="JhON0yX90y7U1WyaaULio3bGC+c=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2lhGMB+YO8LeZi9Zsrd37M4JIeRf2FgoYuu/sfPfuEmu0MQHA4/3ZpiZF6ZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2SacYbLJGJbofUcCkUb6BAydup5jQOJW+Fw9up33ri2ohEPeAo5UFM+0pEglG00qNfHwhyTXyVdUtlt+LOQJaJl5My5Kh3S19+L2FZzBUySY3peG6KwZhqFEzySdHPDE8pG9I+71iqaMxNMJ5dPCGnVumRKNG2FJKZ+ntiTGNjRnFoO2OKA7PoTcX/vE6G0VUwFirNkCs2XxRlkmBCpu+TntCcoRxZQpkW9lbCBlRThjakog3BW3x5mTSrFe+8Ur2/KNdu8jgKcAwncAYeXEIN7qAODWCg4Ble4c0xzovz7nzMW1ecfOYI/sD5/AFtTZAa</latexit>

• Define a threshold value
• white                                   black



Generating excursion sets from a map
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⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

� > ⌫
<latexit sha1_base64="us22DX1tb7yB5GH399M904Yxabs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CRFLx4r2A9sQtlsN+3SzSbsToRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHv36QJBr4qusWyq7FXcGsky8nJQhR71b+vJ7CctirpBJakzHc1MMxlSjYJJPin5meErZkPZ5x1JFY26C8eziCTm1So9EibalkMzU3xNjGhszikPbGVMcmEVvKv7ndTKMroKxUGmGXLH5oiiTBBMyfZ/0hOYM5cgSyrSwtxI2oJoytCEVbQje4svLpFmteOeV6v1FuXaTx1GAYziBM/DgEmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nD3BdkBw=</latexit>

� < ⌫
<latexit sha1_base64="JhON0yX90y7U1WyaaULio3bGC+c=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2lhGMB+YO8LeZi9Zsrd37M4JIeRf2FgoYuu/sfPfuEmu0MQHA4/3ZpiZF6ZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2SacYbLJGJbofUcCkUb6BAydup5jQOJW+Fw9up33ri2ohEPeAo5UFM+0pEglG00qNfHwhyTXyVdUtlt+LOQJaJl5My5Kh3S19+L2FZzBUySY3peG6KwZhqFEzySdHPDE8pG9I+71iqaMxNMJ5dPCGnVumRKNG2FJKZ+ntiTGNjRnFoO2OKA7PoTcX/vE6G0VUwFirNkCs2XxRlkmBCpu+TntCcoRxZQpkW9lbCBlRThjakog3BW3x5mTSrFe+8Ur2/KNdu8jgKcAwncAYeXEIN7qAODWCg4Ble4c0xzovz7nzMW1ecfOYI/sD5/AFtTZAa</latexit>

• Define a threshold value
• white                                   black



Generating excursion sets from a map
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⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

� > ⌫
<latexit sha1_base64="us22DX1tb7yB5GH399M904Yxabs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CRFLx4r2A9sQtlsN+3SzSbsToRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHv36QJBr4qusWyq7FXcGsky8nJQhR71b+vJ7CctirpBJakzHc1MMxlSjYJJPin5meErZkPZ5x1JFY26C8eziCTm1So9EibalkMzU3xNjGhszikPbGVMcmEVvKv7ndTKMroKxUGmGXLH5oiiTBBMyfZ/0hOYM5cgSyrSwtxI2oJoytCEVbQje4svLpFmteOeV6v1FuXaTx1GAYziBM/DgEmpwB3VoAAMFz/AKb45xXpx352PeuuLkM0fwB87nD3BdkBw=</latexit>
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• Define a threshold value
• white                                   black
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V1: length of perimeter

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0



V2: Euler characteristic
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Why might MFs be useful?

• Relatively straightforward to evaluate
• Very robust with respect to systematics

(     is invariant under diffeomorphisms!)

• Sensitive to all higher order correlations

�
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Why might MFs be useful?

Gaussian random fields
• all statistical information is contained in the power

spectrum
• MFs can still provide consistency check

non-Gaussian random fields
• MFs contribute information beyond the power spectrum
• much easier to evaluate than higher order spectra



Why (CMB) Lensing?

• Lensing potential is 
(mildly) non-Gaussian
• General relativity is 

non-linear theory
• lens is non-Gaussian
• possibly primordial 

non-Gaussianity

• Isotropic source
distribution
• isotropic noise

CMB lensing potential

[Planck (2018)]



Why (CMB) Lensing?

[Planck (2018)]

Currently: lots of noise

Soon: much better quality 
lensing maps

signal

noise

signal

[CMB-S4 (2018)]



CMB lensing MFs as observable

Likelihood 
function

Theoretical 
prediction

Parameter estimation



CMB lensing MF likelihood

�2 lnL(data|⇥) =
X

i,j,k,l

µij (Cov
�1)ijkl µkl
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µij ⌘ (V obs
i (⌫j)� V th

i (⌫j ,⇥))
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cosmological
parameters

observed value theory prediction

sum over MFs and bins

covariance matrix



MF covariance matrix

[Kang, JH (in progress)]
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Theoretical prediction for
Gaussian random fields

[Tomita (1986)]

• Depend on second moments of the field (i.e., the 
variance) and the field gradient
• These can be expressed in terms of the angular power

spectrum
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Theoretical prediction for
Gaussian random fields

• Evaluate Gaussian prediction for MFs via angular power 
spectrum (CAMB/Class)

V0
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Beyond Gaussianity:
perturbative approach

• Expand in σ around Gaussian result

[Matsubara (2003,2010)]

Vi = V G
i + V (1)

i � + V (2)
i �2 + ...
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third moments of 
the field (skewness) 

and derivatives
→  bispectrum of   .

fourth moments of 
the field (kurtosis) 

and derivatives
→  trispectrum of   .�

<latexit sha1_base64="Tj9RMVeybpSbvOEQRyQMEmb3PbY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBKf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzf5X77CZXmiXw0kxSDmA4ljzijxkp+rzni5X6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmmBKleFM4KzcyzSmlI3pELuWShqjDqbzY2fk3CoDEiXKljRkrv6emNJY60kc2s6YmpFe9nLxP6+bmegmmHKZZgYlWyyKMkFMQvLPyYArZEZMLKFMcXsrYSOqKDM2nzwEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+MCAwzO8wpsjnRfn3flYtK45xcwJ/IHz+QMZpY43</latexit>

�
<latexit sha1_base64="Tj9RMVeybpSbvOEQRyQMEmb3PbY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBKf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzf5X77CZXmiXw0kxSDmA4ljzijxkp+rzni5X6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmmBKleFM4KzcyzSmlI3pELuWShqjDqbzY2fk3CoDEiXKljRkrv6emNJY60kc2s6YmpFe9nLxP6+bmegmmHKZZgYlWyyKMkFMQvLPyYArZEZMLKFMcXsrYSOqKDM2nzwEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+MCAwzO8wpsjnRfn3flYtK45xcwJ/IHz+QMZpY43</latexit>



• N-body simulations + ray-tracing
• Not easy to implement for parameter estimation 

(need emulator)
• Has been applied to forecast LSST lensing MF 

constraints with promising results

Beyond Gaussianity:
non-perturbative approach

[Marques+ (2018)]



Proof of concept:
Gaussian approximation

• Planck-like fiducial data, assuming
• Planck best-fit cosmology
• Planck noise properties
• fsky fudge factor to rescale covariance
• tails cut off generously (too generously?)

�2.5 � < ⌫ < 2.5 �
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likelihood not quite 
Gaussian in tails



Proof of concept:
Gaussian approximation

• Planck-like fiducial data, assuming
• Planck best-fit cosmology
• Planck noise properties
• fsky fudge factor to rescale covariance
• tails cut off generously (too generously?)

• analytical prediction calculated from power 
spectrum 
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Preliminary results

[Kang, JH (in progress)]matter density

primordial
power spectrum

amplitude

Planck lensing likelihood
(power spectrum)



To be done

• Proper treatment of mask
• Generalize to non-Gaussian case
• analytically to second order?
• N-body simulations/ray tracing?

• Apply to real Planck lensing map
• Forecast for future experiments



Conclusions

• Minkowski functionals describe topological and 
morphological properties of maps
• For non-Gaussian maps, MFs can add information 

that is missed by the power spectrum
• CMB lensing potential is a promising target for the

application of MFs
• Watch this space!


